We consider the correlation functions of two-dimensional turbulence in the presence and absence of a three-dimensional perturbation, by means of conformal eld theory.
Introduction
Polyakov has shown 1] that the exponent of the energy spectrum of 2D-turbulence can be found by means of conformal eld theory. He shows that the energy spectrum behaves as k 4 +1 , where is the dimension of the velocity stream function. This spectrum is di erent from the k ?3 ln ?1 3 (kL) law proposed by Kraichnan 2] . Experimental and numerical simulation results seem to be even more controversial. Nearly all of the experiments have concentrated on the case of decaying turbulence, which depends strongly on the initial conditions 3]. These experiments predict the energy spectrum to be initially proportional to k ?3 , with the exponent changing with time. The case of decaying turbulence has been considered recently by many authors (see 4] and references therein) in the context of confomal eld theory. Stationary experiments of the two-dimensional turbulence has been considered in [5] [6] [7] , which show that there is a strong deviation from a k ?3 spectrum. Borue 8] has performed direct numerical simulation of the 2D-Navier-Stokes equations with a white noise in time, and with non-zero correlation in momentum space at some characteristic scale k f (k f 1 L , where L is the scale of system). where there was a uctuating grid responsible for the perturbation of the two-dinensional motion of the uid. The important observation is that the uid should be described in terms of two-dimensional equations containing not only the large scale forces but also a small-scale random perturbation along the direction perpendicular to the direction of motion. Twodimensional Navier-Stokes equations take the form,
where v is the velocity eld, and is the viscosity and f (1) (x; t) and f (2) (x; t) are the stirring forces de ned at large scales L and medium scales a << y << L, respectively, a is the dissipation scale. An appropriate correlation for f (1) is
where ; = 1; 2 , f (1) 3 = 0 and f (2) 1 = f (2) 2 = 0; f (2) 3 6 = 0. The dimensionless constant g shows a coupling with the three-dimensional modes of the uid. As pointed out in ref. 20, 24] , when we have some external noise along the direction perpendicular to the direction of motion one has to be careful of the compressibility condition for velocity eld in two dimensions.
When considering the three-dimensional velocity eld, compressibility condition is @ i v i = 0, where i = 1; 2; 3. If we project this constriant to the two-dimensional plane it follows that @ v = O(g), = 1; 2. Therefore to take this point into account, the velocity eld may be written as v = @ + g@ (3) Where and are the velocity stream function and the velocity potential, respectively. The divergence of two dimentional velocity eld is = g@ 2 . Following 22], we expand and in powers of g in the following forms:
Eq. (7) is identical to the case of an unperturbed (i.e. g = 0) two-dimensional turbulent uid. This means that the eld (0) will be related to an enstrophy or energy cascade, even in the presence of three dimensional uctuations. In other words the enstrophy and energy cascade conditions do not change in the presence of 3D-perturbation. We will consider this important point in the end of next section. The basic assumption of Moriconi 22] , is that not only (0) but also the other components in the power expansions of and are primary operators which belong to some conformal eld theory. There is an important point here:
noting that g is a dimensionless coupling constant eqs. (4) and (5) tell us all the (n)`s and (n)`s have the same scaling dimension. To avoid this di culty it has been suggested 22]
that there is a hidden scale l in the problem which may be related to the intermittency e ect.
Therefore expansions in the eqs. (4) and (5) change to = f n l 2 (n) g n (n)
where l is some scale proportional to < ! 2 > < v 2 > where 2 + 2 = 1 and + 2 + 2 = 0. If one accepts this prescription still there is some ambiguity in the determination of the energy spectrum exponents, as one can select all of the exponents 4 (n) +1 and 4 (n) +1 as the exponents of the energy spectrum. In this situation we have to use a CFT with an in nite number of primary elds. However if we restrict ourselves to the strong coupling limit, a nite number of primary elds su ce as can be seen from eq.(13) below.
Furthermore there is the possiblity of some elds (n) and (n) in the expansions (10) having the same scaling dimension this leads to logarithmic correlators. According to Gurarie 12] if the operator product expansion (OPE) of some elds in CFT model possess at least two operators with the same dimension, one naturally gets logarithmic correlation functions.
In other words the operators with the same scaling dimension form the basis of the Jordan cell for L 0 12]. Here we assume that two or more operators form the basis of the Jordan cell for operator L 0 i.e. they have equal dimensions, then:
where (n) may be any of (n) or (n) . Therefore the standard OPE 12] takes the following form:
(n 1 ) (z) (n 2 ) (0) = z 2( (m?n) ? (n 2 ) ? (n 1 ) ) ( n ln n (z) (m?n) + decendents) (12) This argument shows that, we have to consider logarithmic conformal eld theories as candidates for describing such systems. To nd the explicit form of the energy spectrum, we concentrate on the strong coupling limit.
3 Strong Coupling Limit and The Logarithmic Correlation As discussed in 22], by only considering (0) and (1) and (0) , we can completely describe the strong coupling limit of eqs. (1) . Noting that if the constant ux condition is not satis ed by the pair of elds (0) and (0) , then there exists no further soultions for the model under consideration. Therefore it is enough to consider those models for which the eld (0) satis es the nonperturbative constraint and (1) and (0) c) g ! 1 f a;b ! diverges (14) the case (c) may be de ned as the strong coupling regime. It is clear that in the case of the strong coupling, the contribution of (0) eld can be discarded. However in the presence of any perturbation the constant enstrophy cascade condition depend only on (0) , which as mentioned follows fron eq.(7). It has been shown in 22] , that eq.(14-a) dose not give any correction to the power law spectrum. Careful consideration shows that, the other two cases lead to a logarithmic factor in the energy spectrum. In the strong coupling limit, where the inertial range exponent derived from (0) may be discarded and the exponent can be determined by considering the the dimension of (1) and (0) . Here we can apply the same argument as that of 11]. Applying the dynamical renormalization group one can show that by the existence of a critical dynamical index of eqs. (6), (7) and (9) for (1) and (0) and (0) , leads to condition that
This means that in the steady state there is some equipartition of energy between di erent components of the velocity eld 11].
However in the strong copling limit the contribution of (0) eld can be discarded therefore we have two elds (i.e (1) and (0) ) in some CFT model and one naturally obtains a logarithmic factor in the energy spectrum. The main idea is as follows.
The operator product expansion of two elds A and B, which have two elds (0) and (1) of equal dimensions in their fusion rule, has a logarithmic term:
A(z)B(0) = z h ?h A ?h B f (1) (0) + : : : + log z( (0) (0) + : : :)g (16) to see this it is su cient to look at the four-point function :
Where the cross ratio x is given by :
In degenerate minimal models F(x) satis es a second order linear di erential equation.
Therefore a solution for F(x) can be found in terms of a series expansion :
F(x) = x X a n x n (19) It can be easily shown that the existence of two elds with equal dimensions in OPE of A and B is equivalent to the secular equation for having coincident roots 9], in which case two independent solutions can be constructed according to :
X b n x n + log x X a n x n (20) Now consistency of equations (16) and (20) 
For perturbed turbulence (0) and (1) can be assigned as any pair from this LCFT. Di erent choices lead to di erent exponents for the energy spectrum, these are: 
which con rms witn the numerical analysis by Borue 8] , and experimental date 22, 7] .
Furthermore we can relax the conditions and ask which types of conformal eld theory may be used for modeling of 2D -turbulence , provided we assume the condition (0) ' (1) 
as well as the cascades of constant enstrophy and the constant energy. (1) and (0) and the Reynold`s number of system.
